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ABSTRACT 

A 
A closed form s o l u t i o n  of t h e  optinurn con t ro l  law is  der- 

ived u t i l i z i n g  t h e  Pontryagin maximum p r i n c i p l e .  The desired value 

of t h e  input  i s  piece-wise continuous,  The de r iva t ion  presented for 

one d i s c o n t i n u i t y  can be extended t o  any number o f  piece-wise d i s -  

c o n t i n u i t i e s .  The p r i n c i p l e  of dynamic programming holds ,  t h a t  i s ,  

t h e  s y s t e m  is  optimum f o r  the  remaining t i m e  no mat te r  what d i s -  

turbance has occurred i n  the past. The method i s  appl icable  t o  

l i n e a r  constant  c o e f f i c i e n t  systems o f ’  any order .  

?&e a p p l i c a t i o n  of t h e  general  method i s  shown by an example 

i n  which t h e  optimum con t ro l  law f o r  a nuc lear  r e a c t o r  s t a r t -up  is  

determined. Compared t o  t h e  method of s t a t e  v e r i a b l e s  t h e  closed 

form s o l u t i o n  given by t h e  ogtimum c o n t r o l  law has t h e  advantage of 

being less suscep t ib l e  t o  random noise  which may be present  i n  t h e  

instrumentat ion.  A closed form s o l u t i o n  of the c o n t r o l  law f o r  a 

second o rde r  system is de r iv id  for sny refeTence t ra jector ;*  w i t h  

continuous second de r iva t ives .  
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(1-)%,(2) . Prev ious  i n v e s t i z z t o r s  - -  r12.1-e cciisi67:z7?il a p p l i c a t i o n  

of the Pcntryai.in mxirnua p r i n c i p l e  t o  vari.ous s p e c i a l i z e d  cases 

of second order  systems f o r  common BT'i-or  cr2. ter ion.  Thz s p p l i c a -  

tLons :ere U.ziteci t o  e s t a b l i s h i n g  predetzrmined t r z j e c t o r i e s  m d  

swftch2.w; surfaces ,  and did n c t  produce a c o n t r o l  sgster:! which 

could  rzc',uce t h e  effects due t o  unprcdicted e x t e r n a l  d i s turbances  

such 3s riai3e:. The o b j e c t i v e  of  this paper LE to d e m n s t r s t e  t h a t  

an o p t  i n u m  feedback: Coi i t ro l le r  c:;n be obtained f o r  t h e  invar ian t  

l i n e a r  s y s t e m s  by tile Pontiiy;?Fir, rr!axfnurn principle. 

The J p t i m r n  control system w i l l  be dei'ined as the c o n t r o l  

system which ninimizes  the  interyal squared error from t h e  ?resent 

time t to e f i n a l  time "2. The principle of d:!narnic program- 

ming a p p l i e s ,  that i s ,  no matter what t h e  control has been p r i o r  t o  

the present  t i m e ,  the zon t ro l  w i l l  be  optimal f o r  a l l  future t i m e  up 

t o  the f i n a l  t i m  Tz2 

uous as shown in'Figure 1. The subscripts a and b refer t o  desire?. 

i n p u t s  and out?uts  for two different t i m e  i n t e r v a l s .  Thus, 

The desired i npu t .  N(0) I s  piece-wise contin- ; 

where : e ( t )  = error c r i t e r i m ,  

*Super sc r ip t  ilxKbPrS in p z r c n t h c z i s  refer to re ferences  2.t thft 
end 0 2  the  p a p s r .  
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u = d u r ! y  time va.riat;le r e w p s e n t i n r  f u t u r e  time, 

t = prsscnt t i n e ,  

T2 f- tex-nination t i x  of' t h e  con t ro l  systen, 

6 ,u = wirgf-tin: fac tors .  

LTaear cons tzz t  co;, Pflcierit system cre  descr ibed S y  t h e  

f o l l o v i n g  ecjuatios, 

where hi(i=O,la2, n)  are constants  aid by d e f i n i t i o n ,  

The re  are n boundzry conC!tions for the vslries of q m d  I t s  

d e r i v a t i v e s  a t  t h e  >resent t h e  Q = t. !?he final value of the 

output  is not fLxeC, but; the n a t u r z l  bou:;dary condl t ions vi11 be 

imposzd. 

OFTINU': CC !TROL !:'".'? 

P.yi a u x f l t a r y  time \r&i*isble 1.1 ~ i f l  be d e f h e d  such tha t  

p is  rneasureii frorn the present ti7.e t BS shovn i n  w ip re  1, 

thus, 

u = t + v  ( 3 )  
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The time t w i l l  be t r e a t e d  a s  a parameter. Equation ( 2 )  becomes, 

and the  e r r o r  c r i t e r i o n  becomes, 

Converting t o  the Pontryagin form w e  def ine ,  

u ( t ; y )  = m ( t w )  

P 
+ I {e[Qb( t+~)-q( t+7) l2  + v [ M b ( t + r ) - n ( t + T ) ] 2 j  d7 

T=Tl-t 
By success ive  d i f f e r e n t i q t '  a ion, 

dixl ( t ;p 

dPi 

dCLn =T 

= x i +1 ( t ; p )  i=1,2, ... n-1 

d."xl (e ;p) dxn ( t ; I-1) (7 1 

With Equations (6)  and (T) ,  Equations ( Q )  and (5) become, the 

system of f i rs t  o rde r  equations, 
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where: 0 = Q, & M = ICa if t < T1 , 

The optirnw syste"  i s  d e f ' h e d  as the s y s t e m  f o r  which, 

where : = 0 f o r  I # r? + 1 anti c ~ + ~  = 1, 

I s  a minimum w i t h  respect  t o  u ( t ; v ) .  

Appendix A ,  is, 

The Hamiltonian, given i n  

n+l 

where p + ( t ; p )  i s  the  a u x i l i s r y  va r i ab le .  From Equat ions  (81, 
A 

For S(tj t o  be a m l c i m u m ,  i! ;lust b e  a maximum. For t h e  unsatu- 

r a t e d  case, 



or 

where the a t e r i s k  Cenotzs t h?  o p t i w m  condition. 



th Differen t ie t in t :  the i 3quatSon o f  (14) 2-1 tines Fives, 

D i f f e r e n t i a t i n r  t h e  (i-l)t" equation 1-2 tines, and s u b s t i t u t i n z  

i n t o  (161, 

- .  
7 *' 

(16) 

The recurs ion  fornula lea& 

or 

From the  &_t in i t i on  o f  x l ( t ; p )  and u(t;v),Equation ( 4 )  is, 

S u b s t i t u t i n c  Equation (19)  in to  ( 2 0 )  znd u s i a E  (13)  and (lj), 

n it1 a n-L dn-'-j-i, n ( t  ;ad 2 (-1P 1 (-1) - I 
J j -1 + -  

2E i=O %I 
(21) 
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The des i red  in?ut  and output shoul? in general  satisfy 

the  o r i g i n a l  systex d i f f e T e n t I a 1  equation, T h i s  i n su res  that 

minimization of  t h e  error c r i t e r i o n  is cor,!patible 4 . t h  t h e  system 

dynamics. If the o r i g i n a l  systerr! d i f f e r e n t i e l  eaua t ion  i s  not 

s a t i s f i e d  by t h e  desired input  and ou tnu t ,  it i s  not p o s s i b l e  t o  

reduce the error c r i t e r i o n  t o  zero. Vith  t h i s  requi repent ,  

m a  Equation ( 2 1 )  becoyes, 

where a2 = F/U.  

All the odd der iva t ives  of > , ( t ; v )  ars zero i n  Equation 

(23). For exangle, the  eauat ion f o r  i? first  order  systen! is, 

d 2 P l ( t ; v )  -pa; u2] 
drrZ P l ( t ; l d  = 0 

and f o r  a seconC o r d e r  system, 

r r 1 

Equation (23) i s  of o rde r  211, Tirere a re  I! boundary 

conditions st. each present  t!-me Tor t h e  values of x1. The remaln- 

ing n boundary condi t ions are from the t r a n s v e r s a l i t y  condi t ions  

f o r  t he  case w i t h  n a t u r a l  boundary condi t ions,  vh ich  are  expressed 

i n  terns of t h e  a d j o i n t  var iab les  by Zquation ( A - 4 ) .  
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As zn example, t h e  s ta r t -u?  and r e g t l a t i o n  02 a nuc lea r  

reactor i s  given by Equation ('2-5) i n  APPENDIX C as a s p e c i a l  case 

of Equation ( 2 )  w i t h  n = 1. 

a1 = 1 and t h e  desired input  and output  are r iven  by,  

?or the  n u c l e a r  r e a c t o r ,  a. = 0, 

There i s  8 d i s c o n t i n u i t y  of t h e  des l red  inpu t  ?I a t  t = TI, there- 

fore M( t )  i s  piece-wise continuou8. The p h y s i c a l  s ignbficance 

of this desired program is discussed i n  APPENDIX C, 

where and ab are a r b i t r a r y  cons tan ts  t o  be determincd. From 

Equations ( A - 4 )  and ( 9 )  one nsltural boundary condi t ion ,  which 

appl ies  t o  t h e  f ree  terminal point  problem, i s ,  

p & ; p  = T2 - t )  = - c1 = 0 (28 )  

which r e q u i r e s ,  

= - ab t a n h [ ~ ( T 2 - t ) ]  *b 

o r ,  
c i p l ( t ; p )  = S i s i n h ( w u )  - tanh[w(T2-t)] cosh(wu) b L  

s u b s t i t u t i n g  Equat ion  (30) i n t o  (19) w i t h  n = 1, 
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Using the equivalence b e t n e m  rl(t;u) and q ( t + p )  expressed by 

Equation (6), Equation (31) wi th  ( 3 )  becomes, 

The constant Bb i s  evaluated by r e q u i r i n e  q ( o )  to equal the meas- 

ured value qft( t )  at a = t, 

S u b s t i t u t i n g  Squztions (30) and ( 3 3 )  i n t o  (13) with the  change in 

variables given by ( 3 )  and ( E ) ,  

rn#(o)  = i \ ( o )  - w C a , ( t )  - q * ( t ) l  <sinhCu(o-t)l 
i. 

(34) , 

(35) 

The eq\;ivalent express ion  f o r  n E ( t )  i n  t h e  first t ine  interval 

t 2 i s  derived i n  APPSIdDIX B. 

With t h e  desire2 input  and out2ut  given by Equations 

(26), t h e  control laws for tk?e two  t h e  intervals become, 

m*( t ) = w [ aTI-q*( t ) 1 tanh [w  ( T2- t  ) 3 Ti 5 t 2 T2 (36) 
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Equations ( 3 6 )  and (37) a r e  i d e n t i c a l  t o  the r e s u l t s  

prev ious ly  obtained by the authors(3), us ing  the methods of 
c a l c u l u s  of v a r i a t i o n s  and dynamic programming. 

RANlXlM NOISE CONSIDERATIONS 

The opt imm c o n t r o l  law given by Equations (36) and 
by t h e  block diagram i n  

Random noise ,  (4) k n ( t ) ,  may be introduced i n t o  
(37) can be implemented as shown 
F i g w e  2. 
the feedback s igna l ,  k q ( t ) ,  by the ins t rumenta t ion  such as 
the neutron de tec to r s .  I n  this sec t ion ,  the amount of  err- 
o r  introduced i n t o  the optimum c o n t r o l  system shotrn i n  Fig- 
u r e  2 w i l l  be compared t o  the amount of error  introduced i n -  
t o  a t y p i c a l  state va r i ab le  switching system shom i n  Fig- 
u r e  3 .  

The a c t u a l  system output,  k y ( t ) ,  i s  r e l a t e d  t o  the 
measured system output  as follows, 

(38) k 
% ( t )  = d t )  + kn( t )  - 

The average random noise i s  assumed t o  be zero,  kn(t)-, 0. 
The low pass  f i l t e r  c h a r a c t e r i s t i c  o f  the process  causes  
a l l  a c t u a l  system output records t o  approach a s i n g l e  val-  
ue, y ( t ) ,  i .e . ,  

The a c t u a l  output  approaches the average measured 

.'\ \ tJWh 
system output ,  

(401 

where the va r i ab le  x , ( t )  may be considered t o  be determin- 
i s t i c  f o r  
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whiz!i 1:: ic!a_?t,ical t o  thc sGcond l i n e  of €?ust ian ( 6 )  S f  cr , ( t+p)  

becomes q(t+i!).  It can b e  proved t h z t  the 12revious analysis holds  
I-.̂  -_A_ 

1: 

also f o r  t h i s  partizulsr ( though  co!:nori) $yp,i' o f  random :>recess. 

Tile e r r o r  will b e  r k f i n e d  3s the di<fer*ef icc  between t h e  

8esirt.d system ou tpu t  and the a c t u a l  system output ,  

Th? s u t o c o r r e l a t i o n  func t ion  of the random m i s e  is not 
-l--.J .- Iv- - 

k zero,  thus,  [ky(t)]2 P [ q ( t ) I 2 .  F ~ o m  B i r u r e  2 and Equations (36) 

f o r  t < TI, an5 

Equation (43s) nay be droppeg, 1.11:tcn w i t h  Squat ions ( 4 2 )  l e n d s  



t o  the followin.?: r a s u l t ,  
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a t  [ K c ( t ) ]  + b(t)Ckc(t)] = b ( t ) [ k n ( t ) ]  

(5 1 The s o l u t i o n  of Equation ( 4 4 )  i n  i n t ez ra l  form is, 

where, 

( 4 4 )  

q ( t )  = exp[ - It b ( r ) d T )  
0 

If the ou tpu t  signal an6 n o i s c  a r c  not c o r r e l a t e d ,  t h e  

(5 1 mean-squzrcd valuc of E(TZ)is given by, 
/-------/- 

’L-2 = Ckc(0)l2 n2(T2) 

where ym,(a, 6 )  i s  the au tocor r2 l a t ion  f u n c t i o n  of t h e  noise. 

the  random process i s  s t z t i o n c r y ,  t he  z u t o c o r r e l a t i o n  func t ion  

becomes ynn(a-8) .  

Wen 

For most of the opera t ion  of t h e  optimum c o n t r o l  sys t em,  

w ( T Z - t )  w i l l  bc: large,  therefore t a n h [ u ( T ~ - t ) ]  will be  approxi-  

mately u n i t y  cxcept n e a r  ths neighborhood of t = T2, 

t r a n s f e r  func t ion  from Equation ( 4 4 )  becomes, 

Thus t he  
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For a stationary process,  a typical au tocor re l a t ion  func t ion  

for t h e  noisc  may tit givz:i as, 
(47) 

where K and are cons tan ts ,  The au tocor re l a t ion  func t ion  of the 

output ,  yEc(r), is found from t h e  W e i n e r = R h i n ~ h i n ( ~ )  and t h e  input;- 

output  r e l a t i o n s  t o  be, 

and the mean-square e r r o r  is evaluated by l e t t i n g  T equal  zero,  

Both w and zre p o s i t i v e ,  t he re fo re  the mean-square e r r o r  is 

less t han  K, 

For the s t a t e  v a r i a b l e  switching s y s t e m ,  kq(t) is compared 

t o  Q ( T 2 ) ,  and t h e  switch i s  positioned o f f  when t h e  s ta te  v a r i a b l e  

kq(t) equals  the desired Output Q ( 0 2 )  D 11; Pi;;ul-e 3 the e y r a r  becomes, 

ko(T2> = Q0.2) - k y ( T 2 )  = !?2(T2)-kq(T2)1  - kn(T2) (50) 

and t he  mean-square e r ror  i s ,  

With the au tocor re l a t ion  func t ion  of Equation (471, the mean-square 

e r r o r  is, 

For t h i s  case, the mean-square error is always less f o r  t h e  optimum 

c o n t r o l  system t h r n  f o r  t h e  s t a t e  v a r i a b l e  switching system. 
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For u n i t  w h i t e  noise ,  the autoCorre la t ion  func t ion  is 

given by, 
( a - 8 )  = 6(a-B) Ynn (53) 

When the i n i t i a l  e r r o r  is zero, s u b s t i t u t i o n  o f  Equation (53) i n t o  

(46)  y i e l d s ,  
*- 

( T J . 3 )  - Li t..3:_13((p2) (54) - 7  C d T 2 ) J 2  = Y,, 

Because t h e  hyperbol ic  tangent  never exceeds un i ty ,  the  

mean-square error has an upper bounrl equal  t o  one t h i r d  of t h e  

square roo t  of the ra t io  of t h e  output e r r o r  weighting f a c t o r  t o  t he  

input e r r o r  weighting f a c t o r .  For comparison, t h e  mean-square e r r o r  

I n  t h e  sta te  v a r i a b l e  switching system wi th  whi te  no i se  is unbounded 

for a l l  W .  

SECOND ORDEIi SYSTEE! 

The second o rde r  system may be given as, 

= m ( t >  
d t  

(55) 

The optimum c o n t r o l  law f o r  t h i s  s y s t e m  is der ived  In APPENDIX D 

where s i n 2 z + t  anh2zcos2z 
1 t sechZzcos2z 8 

J 1 3 ( t )  = w 

tanhz-sech*z cosz s i n z  
h ( t )  =G 1 t sech2z cos2z s 

z =G (T- t )  and T is the terminal  t i m e ,  



The desired output and input r e l a t i o n  is, 

a = M(t) d t  2 

If the second der iva t ive  of the reference t r a j e c t o r y  Q(t) 

e x i s t s  everywhere except a t  a f e w  i s o l a t e d  points ,  then 

the reference input  M(t) i s  piece-wise continuous 

can be determined. 

(56) with an unspecif ied continuous M(t) i s  very general .  

The ana lys i s  may also be extended t o  the case where M ( t )  

i s  piece-wise continuous. 

and 

Thus t h e  control  law given by Equation 

DISCUSSION 

The opt imizat ion problem i n  which the  des i red  input  

i s  piece-wise continuous and the system i s  descr ibed by a 

l i n e a r  constant  coe f f i c i en t  system of d i f f e r e n t i a l  equat- 

i ons  has been shown to  be solvable as a closed form con- 

t r o l  law. 

The general  r e s u l t  was applied t o  the s implif ied nu- 

clear r eac to r  k i n e t i c s  equations with a spec ia l ized  piece- 

wise continuous desired Input .  The resul ts  are i d e n t i c a l  

with those obtained previously using the methods of calcu- 

lus of var i a t ions  and dynamic programming. 

The closed form optimum cont ro l  system i s  super ior  

to the s t a t e  var iab le  switching system i n  the following 

p a r t i c u l a r s  : 

a )  
cont ro l  system tends to have a smaller  mean-square e r r o r  
than the s ta te  var iab le  switching system. 

I!hen random noise is added t o  the output,  t he  optimum 
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(b) For f iuc l ze r  recket c o n t r s l ,  t ' . ~?  to t'.l.? i n e r t i a  of t h s  c o n t r o l  

rorls, ;tbr.>i>t cIx-2:: s s  in pos i t ion  rdqTi5r-i? by the s t a t e  variable 

switchini. systsm, ar; ?hgsical ly  im?ossibls.  The co2tinuous 

closed form optimuv control system lea8s t o  a more accu ra t e  

I phys ica l  r m r e s s n t a t i o n  of the c o n t r o l  rods . 
( c )  me optizum c o n t r o l  appears t o  have greatest 

n o t e n t l a 1  i n  t h e  f ie14 o? nuclesr r , ropzl lsd rockets. For t h i s  

a w l t c a t i o n ,  rioise introeuceci into the output  will a f f e c t  the 

rocket t h r u s t .  %!.st? In tha s t a t 5  vsri>..ble switchlnq systen! 

m y  ceuse switchinc;  st a $ins ?lr"ferer,t from ori8:inally sched- 

uled and ?a? c o m l e t c l y  c h a n ~ . a  t h e  t h r u s t  ?ro,gram. The close6 

form o3tim.m c o n t r o l  system w i l l  t end  t o  r e t u r n  t o  t h z  o r i q l n a l  

t h r u s t  ?roFrar? at t h e  right t im  while t h e  r,olse subsides.  

As i l l x s t r a t e f  by t h e  second order systzm, t h e  optllnum 

I 

c o n t r o l  law is  quite :enera1 with reaFrd t o  t h e  r z f e r m c z  t r a j e c t o r y ,  

This I s  advanta~zous i n  that  t h e  perlvation of t,he t i m e  varying 

gains r equ i r ed  i n  t h e  fea lbacks  1; independent of thz reference 

t r a j e c t o r y  7-r t h e  ( t?s ipzc:  i n r u %  is c o 7 t '  -:'wc:. 
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a 

A system opera t a s  between t L m e  @=o and w=T2-t. The 

.. system is descr ibed  by.a set of d i f f e r e n t i a l  equat ions,  

xi(t;O) = xi(t) i = 1,2,...n,n+l 

where x i ( t ; r )  ar;z s t a t c  va r i ab le s ,  t i s  treated as 8 parameter and ~ 

I 

are c o n t r o l  va r i ab le s .  The problem is t o  ninimize,  'k I 

with respec t  t o  t he  c o n t r o l  var iab les .  

c o n t r o l  variables, c ( t ; v ) c U ,  where U is the admissible class of 

c o n t r o l  func t ions  i n  

func t ion  with components u k ( t ; ~ ) .  

Cons t ra in ts  nay e x i s t  on the 
~ 

r space, and c(t;v) is the  vec to r  c o n t r o l  

An a u x i l i a r y  vz r i ab le  p i ( t ; p )  i s  def ined,  

The f r e e  te rmina l  condi t ion  o r  natural boundary condi t ions  are, 
P i ( t ; p t T z ' t )  = - c ! !  i = 1,2, . . ,n,ntl .  ( A-4 

A Hamiltonian i s  def inzd,  



A sufficisnt condi t ion  for a rriinirum of 

20 

s is t h a t  be 

maximized with r d s p c t  to t h z  c o n t r o l  vsctor a t  a l l  times. 

The sets  of  d i f f e r e n t i e l  equations for the system and for 

the auxiliary variables a r e  r s la ted  t o  H by, 

APPENDIX B 

Optimum Control Law for First Ordzr S y s t m s  

The first plecz of ths  piccs-wise ccntir.uo*Ls input solution 

(prior t o  time T1) is given by the  solution to Equation (24),  

p l ( t ; u )  = A, cosh(wu) + B, sinh(wv) t T i  ( B-1) 

Substituting Equation (B-1) into (19) with n = 1 gives, 

xl(t;d = Q,(t+d + [A,. sinh(wv) + B, c o s h ( w d ~  ( B-2 

With the equivalsnca between x l ( t ; u )  and q ( t + u )  expressed by Equa- 

tion (6), (9-2) wi th  (3) bccomss, 

q * ( o )  = Qa(u) + - [ A a  2E sinh[w(~-t)] + B, cosh[~(a-t)]f (B-3)  

The constant Ba 

measured value q*(t) et u = t, 

is evaluated by r s q u i r i n g  q ( a )  to be rqusl t o  the 

% = - ZL w CB,(t)-q*(t)J (B-4)  

and # 

( B-5 a w  A 
q + ( u )  = Q E ( o )  + 2 5 sinh[w(a-t>] 
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The last two boundary conditions am tha t  t k  output s i g n a l  and its 

der ivat ive  be continuous at t ime T I .  Sguating Zauations (32) and 

(B-51, and also equating thair derivativGs at u=T1 snd e l imina t ing  

Bb to solve for A, gives ,  
d 

. 

Substituting Equation (B-4) intcj (B-1)  g ives ,  

p1(t;d = - - 25 [0 , ( t ) -q*( t ) ]  s i n h ( w l r )  + Aa cosh(uu) ( B-7 w 

APPENDIX C 

Nuclear Re act or Kine t 1 c s 

The one delay group reactor  k i n e t i c s  ec;uations for a nu- 

clear ritactor which is cont ro l led  by a black  absorber arc given 



- = - f $ - A c  ec  3 
dt 9 ( c-2 1 

whcrz : + = s p a t i a l l y  indspmdent  neutron f l u x ,  

c = equivalent  conccntrs t ion of pracursors f o r  the one 
d\-slay group case, 

&K = reactivity,  

B = f r a c t i o n  of' t o t a l  number of f i s s i o n  neutrons which are 
dalayed, 

Q = neutron genaration time, t he  average t i n s  beforc one 
neutron qenarates one prompt nzutron or on2 prdcursor, 

X = equivalent  decay constant  f o r  t h t  one d e l a y  group case. 
d For r a a c t i v i t y  l ~ s e  thm one d o l l a r  $ nag be neglected in 

Equation (C-l), ses f o r  example S r n 2 t ~ ' ~ ) .  With t h i s  approximation, 

e l imina t ion  of c between Bquations (C-1) and (C-2) gives, 

where 

Defining q as a funct ion of n and P ,  

9 = ,  anc*1 1- i>* ( c-4 1 

where po and $o arc reference valuas cf p and 9. D i f f e r e n t i z t i n g  

Equation (C-4)  and referring t o  thz & f i n i t i o n  of xs Equation (C-3) dx 

may ba written, 

where P 
m = l - p *  

A common r .?ac tor  s t a r t -up  scqumce  i s  as fol lows:  the power 

i s  constant  a t  a low l e v e l  p r i o r  to time u = 0. At u = 0 i t  1s 

desired t o  increase the power a t  2 cons tan t  per iod  (@&) u n t i l  3 
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des ired  power l e v e l  I s  rasrchcd and t h c r e a f t e r  maintain t h e  power 

cons tan t .  The dits ired rzsponsa f o r  t h i s  s ta r t -up  program I s  similar 

t o  Figure 1. 

where TI i s  e fixtld intemnediate tiine and is  a cons tan t ,  Con- 

s i s t e n t  with t h e  f a c t  that t h e  cks ircd input  and output w i l l  S a t i s f y  

the d i f f e r e n t i a l  squat ion,  t h e  des ired  i npu t s  are piece-wise continu- 

The picca-wise desired input  hes 2 physical i n t e r p r e t a t i o n  

In terms of the c o n t r o l  rod pos i t ion .  

cons tan t  r e a c t o r  per iod,  the desired p o s i t i o n  of the con t ro l  rods i s  

that  p o s i t i o n  which resu l t s  i n  constant p o s i t i v e  r e a c t i v i t y ,  

t he  desired output  i s  constant  powzr l e v e l ,  t h e  d e s i r e d  p o s i t i o n  of 

When the  desired output  i s  

When 

t h e  c o n t r o l  rods i s  f o r  zero r e a c t i v i t y .  

APPENDIX D 

Optimum Control Lsw f o r  Second Crder Systsms 

The s p e c i a l i z a d  second o r d z r  systam (n=2) which represents 

the  a t t l t u d a  c o n t r o l  problem (lo) i s  Equation ( 2 )  wi th  a. = al  - 0 

and a2 = 1. Equation (25) becomes, 
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. .  
The s o l u t i o n  is, 

- 
where A,B,C End D are cons t an t s ,  and 6 1  =,/3 P *  

From Equations ( A - 4 )  and (9) two boundary condi t ions  m e ,  

p l ( t ; p = T - t )  = pZ(t;v=T-t) 0 ( D-3 1 
where T fs t h e  time 2t  which c o n t r o l  is t o  turminata .  Tho success-  

iv.2 a u x i l i s r y  varisrbles 3rs r e l a t a d  by Equation (14), 

The two boundary conditions giv2 the  r e k t i o n s ,  

A + B tan z f C tanh z + r) tanh z t a n  z = 0 ( D-5 ) 
and 

(A+D)tanh z + (D-A)tzn z ( D-6 1 
f (B-C)tanh z t a n  z + B+C = 0 

5 where z = ,\/ 7 ( T - t )  . 
From Equation (19) w i t h  n=2, and the  d z f i n i t i o n  of q(t+p)= 

x l ( t ; v )  t h e r e  r e s u l t s ,  

S u b s t i t u t i n g  Equation (0-2) i n t o  (0-7) gives, 
._ 

q ( t + v )  = Q(~+P) + A s inha1  sin01 (2-8) - B sinhB1 cosB1 

+ C coshB1 sinBl  
- D C O S h B l  C O S B l  

The r ena in ing  two boundmy condi t ions  are t h a t  t h e  output  and i t s  

d e r i v a t i v e  are known at t h e  present t i m e ?  t ,  
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( D-9 

The optimum control lav; is obtcinad from Equation (13) 

(with n=2) a t  tha presznt t irnc,  u = t ,  which is equivalent t o  i.~ = P i '  0 .  

S u b s t i t u t i n g  Equation ( 0 4 )  i n t o  (13) znd t h a  d a f i n i t f o n  of m ( t + p )  = 

u(t;ld gives, 
mw(t) = M ( t )  + 2 V  (D-10) 

Equation (9-8) w i t h  ( 3 )  is used  t o  evaluate  (0-9) giv ing ,  

(0-12) 

By adding and sub t r ec t ing  C to Zquation (D-6), C c w  be 

solved in t e r m  of A,D, and (B-C) .  

t o  Equation (0-5) gives  B r a l a t i o n s h l p  between A,B-C,C and D. 

s u b s t i t u t i n g  the zxpression for C + k m  thz modificd Equation (D-6) 

and us ing  t r i g o n o a s t r i c  identities, the  fo l lowing  result i s  obtained, 

Mding  and s u b t r a c t i n g  C t a n  2 

By 

The optimum control law, obtained by s u b s t i t u t i n g  Equations (D=ll), 

(D-12) and (D-13) i n t o  (D-10) is giver1 2s Equation (56. ). 
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